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1 We present a critical analysis of the Canonical approach to quantum gravity, which 

' relies on the ambiguity of implementing a space-time slicing on the quantum level. We 

emphasize that such a splitting procedure is consistent only if a real matter fluid is 

involved in the dynamics. 
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, General Relativity is a background independent theory which identify the grav- 

I itational interaction into the metric properties of the space-time and this peculiar 

■ nature makes very subtle even simple questions about its quantization. To deal with 

, a canonical method for the fields dynamics necessarily involves the notion of a phys- 

' ical time variable, whose conjugate momentum fixes the Hamiltonian function. Al- 

. ready in the context of classical General Relativity, the task of recovering a physical 

I clock acquires non-trivial character, depending on the local properties of the space- 

<sJ time. However, a well grounded algorithm devoted to this end was settled down by 

. Arnowitt-Deser-Misner (ADM) in^ It consists of a space-time slicing based on a one 

parameter family of spacelike hypersurfaces Sj, defined via the parametric repre- 
J> i sentation = ^^{t, x*) {fi = 0,1,2,3 and i = 1,2,3). In what follows, we denote 

, the set of coordinates {t, x*} by x^, in order to emphasize that the slicing procedure 

^ • can be recast as a 4-diffeomorphism, i.e. ds"^ — g ^u{tP)dt^^ dt" = gfii}{x^)dxf^dx'^ . The 

main issue of adopting the coordinates x^ is that they allow to separate the 4-metric 
tensor into six evolutionary components, which determine the induced 3-metric ten- 
sor hij of the hypersurfaces and four Lagrangian multipliers, corresponding to the 
lapse function N and to the shift vector . These non-evolutionary variables have 
a precise geometrical meaning, given by the relation dtt^ = Nn^^ + N^dif^ (where 
gfiv'n^n'^ = 1 and g^ivn^diV^ = 0), n^^itP) denoting the orthonormal vector to the 
family . The classical dynamics of the 3-metric hij is governed, in vacuum, by 
the following set of equations 



kH 



G fivdit^ djt = Gij = , 



(1) 

(2) 
(3) 
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h being the 3-metric determinant and G^,y the Einstein tensor (H and Hi are 
called the super-Hamiltonian and the super- momentum respectively). The first two 
lines above correspond to constraints for the initial values problem and they play a 
crucial role in the canonical quantization of the system, while the last line fixes 
the evolution of the 3-metric and it is lost on the quantum level. As a conse- 
quence, the canonical quantum dynamics of the gravitational field is character- 
ized by the so-called frozen formalism?ln fact the dynamics of a generic state 
I 9p.v) =1 hij, N, N'^) is provided by the requests 



Pn and p^i being the momenta operators associated to iV and iV* respectively. 
The four operator constraints listed above are the quantum translation of the diffeo- 
morphisms invariancc of the theory and they can be summarized by the Wheeler- 
DeWitt equation"^ H \ {hij}) = 0, where by {hij} we denote a class of 3-geometries. 
The frozen formalism consists of the independence that the states acquires from N 
and N^, i.e. the quantum picture is the same on each spacelike hypersurfaces. 
This non evolutionary character of the Whceler-DeWitt approach is striking in con- 
trast with the Einstein equations which predict a 3-metric field evolving over the 
slicing. In what follows, we argue that this absence of a proper time in canonical 
quantum gravity is connected to the inconsistency of the 3+1-splitting referred to a 
quantum (vacuum) space-time. As issue of this criticism, we outline a time-matter 
dualism and provide an evolutionary re-formulation of the canonical paradigm for 
the gravitational field quantization. 

Let us assume to have solved the quantum gravity problem in the framework 
of generic coordinates t^, having determined a complete set of orthonormal states 
I 9i^v)a on which a given configuration | g^i,) can be decomposed as | g^u) = 
X^cjCa I 9iJ.v)a- Now, assigned a 4-vector n'^, its norm n = Qnvn'^n'^ (and therefore 
its timelike character too) can be established only in the sense of expectation values 
on the state | 5^1/), having the form (n) = J2a'^<^i^)<^ = ^i^'^)- ^^^^ ^^^^ ^ 
clearly a random scalar one, whose dynamics is induced by the quantum behavior 
of the 4-metric By the diffeomorphism invariancc, we deal with a scalar field 
s{t^{x^^)) = s{t, x^) on the slicing picture too. Analogous considerations hold for the 
quantity rij = Qfivfi^dit" (which states the timelike nature of n** in the coordinates 
x'^) and leads to conclude that its expectation value (n,) = X^q^" = Siif^) 
define in turn a random vector Si{tP{xP-)) — Si{t,x^) living on the 3-hypersurfaces 
S(. The outcoming of these four degrees of freedom {s, Sj} indicates that, for 
a quantum space-time, the slicing picture preserves the number of evolutionary 
variables, because we pass from in the system to {hij, s, Si} in the splitting 
coordinates x'^. In this respect N and simply give the components of the vector 

in the 3-|-l-scheme. Now, the evolutionary behavior of ten variables (right the 
number of 4-metric components) implies that the super-Hamiltonian and the super- 



PN I h,j, N, N') = 0, Pn. \ hi,, N, N') = 
H I hij, N, N') = 0, Hi\ h,,, N, N')=0, 



(4) 
(5) 
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momentum constraints ([l} are violated in the sense of expectation values, so that 
{kH/2^/h) — e and {kHi/2^/h) = qi. Here e and qi denote a 3-scalar and a 3- 
vector field respectively. Their presence comes out because of the equation Gij = 0, 
which classically ensure the existence of constraints, are lost on a quantum level. 
By other words, if we quantize the gravitational field before the slicing procedure 
is performed, then the quantum translation of the 3+1-picture can no longer be 
recovered and the frozen formalism is overcome. 

The physical issue of the analysis above, leads to a time-matter dualism within 
the context of an evolutionary quantum gravity. In fact, the following two statements 
take place on the quantum and classical level respectively. 

i) The non-vanishing behavior of the super-Hamiltonian and the super-momentum 
expectation values implies that the corresponding operators do not annihilate the 
states of the theory (like in the Wheeler-DeWitt approach) and therefore we have 
to deal with a schrodinger quantum dynamics of the gravitational field. ^ More 
precisely, in the coordinates x'^ the state acquires a dependence on the label time, 
i.e. it reads | t, hij) and it obeys the Schrodinger equation 

ihdt I t, h,j) ='H\t, h,j) = J J^x ^^NH + N'H,^ I t, h,,) ; (6) 

this equation provides the time evolution of the 3-metric states along the slicing 
and, once fixed the proper operator ordering to deal with an Hermitian Hamiltonian, 
then a standard procedure defines the Hilbert space. 

ii) The classical WKB limit for ?i — > maps the Schrodinger dynamics above into 
the relaxed Hamiltonian constraints, which contain e and qi.^ By using the relations 
([1]), the classical limit is recognized to be General Relativity in presence of an Eckart 
fluid, ^ i. e. 

Gf^„ = k{-£nf^n^ +nf^q^ + q^Ui,) , q^ = qih"^ d^t^^ \ (7) 

above, /i*-' denotes the inverse 3-metric and the 4-vector q^ has the physical 
meaning of heat conductivity. Here n'^ plays the role of 4- velocity, according to the 
request of a physical slicing which preserves the light cone on a quantum level too. 
It is relevant to stress that the energy density of the Eckart fluid is positive in 
correspondence to the negative part of the super-Hamiltonian spectrum. Therefore, 
showing that such a region is predicted by the quantum dynamics acquires here a 
key role. 

Having this idea in mind, we adopt more convenient variables to express the 
3-metric tensor, i.e. 

/ly = T^^'^U^j , (8) 

with Tj = h^/^ and detuij — 1. 
Expressed via these variables, the super-Hamiltonian reads 
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H = ^^cV, + ^u^ku.ip'^p''' - l-r^y^Viu,,, Vr?, Vu,,) , (9) 

where Pr/ and p^^ denote the conjugate momenta to i] and Uij respectively, while 
the potential term V comes from the 3-Ricci scalar and V refers to first and second 
order spatial gradients. 

In this picture, the eigenvalue of the super-Hamiltonian operator takes the ex- 
plicit form 

S S 

A„ = - — UikUji- .(11) 

duij duki 

From a qualitative point of view, the existence of solutions for the system (llOp 
with negative values of £ can be inferred from its Klein-Gordon-like structure. 
However, a more quantitative analysis is allowed by taking the limit 77 — > 0, where 
the system (llOp admits an asymptotic solution. In fact, in this limit, the potential 
term is drastically suppressed with respect to the A„ one and the dynamics of 
different spatial points decouples, so reducing the quantization scheme to the local 
minisuperspace approach. It is easy to see that such approximate dynamics admits, 
point by point in space, the solution 



XS = t-£{v,P)Gp2{u^j) , (12) 
t, and Gp2 satisfying the two equations respectively 

1 (52 32p2 



A„Gp2 = -p2Gp2 . (14) 

As far as we take l = ^yrj9(ri) and we consider the negative part of the spectrum 
£ = — \ £ \, the function 9 obey the equation 

hck'^ Srf' ^ hck^ii Srj ^ ^ ^ hck^r]^^ ^ ^ 

g2 = 1 (1 - I28p2) £' = hck^£ . (16) 

Thus, we see that a negative part of the spectrum exists in correspondence to 
the solution 



9{tj, £', p) = AJ,{./[£^\7^) + SJ_,(v4^77) , 



(17) 



February 7, 2008 4:23 



WSPC - Proceedings Trim Size: 9.75in x 6. Sin mgxi 



5 



where J±q denote the corresponding Bessel functions, while A and B are two 
integration constants. 

The above analysis states that the Eckart energy density always has a (quantum) 
range of positive value, (associated to the negative portion of the super-Hamiltonian 
spectrum) near enough to the "singular" point = 0. 

However, the correspondence between e and E/^rf can occur only after the clas- 
sical limit of the spectrum is taken. 

We conclude this analysis, observing that to give a precise physical meaning to this 
picture, the following three points (elsewhere faced) have to be addressed, 
i) The existence of a stable ground level of negative energy has to be inferred or 
provided by additional conditions, ii) The spatial gradients of the dynamical vari- 
ables and therefore the associated super- momentum constraints, are to be included 
into the problem and treated in a consistent way. iii) The physical nature of the 
limit ?7 ^ has to be clarified within a cosmological framework.^ 

We conclude by observing that reliable investigations^'^ provide negative com- 
ponents of the super-Hamiltonian spectrum which are associated to the constraint 



|f|<^, (18) 
where I pi = ^ denotes the Planck length. 

As shown in,^ this range of variation for the super-Hamiltonian eigenvalue im- 
plies, when an inflationary scenario is addressed, a negligible contribution to the 
actual Universe critical parameter. In fact, estimating the critical parameter asso- 
ciated to the new matter term, say Vts, we get 



J^£<o(^^^) ~O(l0-<^°) , (19) 

Rq O (lO^^cm) being the present radius of curvature of the Universe. 
Therefore, by above, we see that the predictions of an evolutionary quantum 
cosmology phenomenologically overlap those ones of the Wheeler-DeWitt approach. 
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